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I. In t roduc t ion  

For more than fou r  decades t h e  B i r g e ~ S p o n e r ~  ex t r apo la t ion  procedure 

has  been employed, w i th  only minor modi f ica t ions  * '  f o r  t h e  determina- 

t i o n  of va lues  f o r  d i s s o c i a t i o n  l i m i t s  of diatomic molecules from experi-  

mental v i b r a t i o n a l  spacings AG 

method i s  i t s  s i m p l i c i t y ,  as exemplif ied by t h e  exac t  l i n e a r  r e l a t i o n s h i p  

between AGvg5 and v f o r  a Morse p o t e n t i a l .  I n  t h i s  case, AG(v) 

One of t h e  g r e a t  v i r t u e s  of t h i s  
d 5  

5 

111 "_ 

e x t r a p o l a t e s  t o  zero a t  v = - % ) 9  where v i s  t h e  non-integer  D 2Wexe D 

e f f e c t i v e "  v i b r a t i o n a l  index of t h e  d i s s o c i a t i o n  l i m i t .  ' For more re- 11 

a l i s t i c  p o t e n t i a l s  i t  i s  w e l l  known t h a t  t h e  Birge-Sponer (B-S) p l o t  

shows p o s i t i v e  cu rva tu re  i n  t h e  reg ion  j u s t  p r i o r  t o  d i s s o c i a t i o n ,  due t o  

t h e  dominating in f luence  of t h e  long-range " ta i l"  of t h e  in t e ra tomic  po- 

t e n t i a l .  2-4' Graphical  e x t r a p o l a t i o n  t o  t h e  d i s s o c i a t i o n  l i m i t  i s  

-1 t h e r e f o r e  less r e l i a b l e ,  and u n c e r t a i n t i e s  g r e a t e r  than 210 e m  are  

common i n  va lues  s o  obta ined  f o r  t h e  d i s s o c i a t i o n  l i m i t  D a 

The WKB-based method t o  be  descr ibed  takes  advantage of t h e  domina- 

t i n g  i n f l u e n c e  of t h e  long-range p o r t i o n  of t h e  p o t e n t i a l  on t h e  upper- 

most v i b r a t i o n a l  levels. It r e q u i r e s  only t h e  ene rg ie s  and r e l a t i v e  

v i b r a t i o n a l  numbering of four  o r  more r o t a t i o n l e s s  l e v e l s  l y i n g  c l o s e  t o  

t h e  d i s s o c i a t i o n  l i m i t  D (&e . , l e s s  - than  - @a. 10% of t h e  w e l l  depth 

below D ). 

y i e l d i n g  ' 'best" estimates of D and of t h e  long-range in t e ra tomic  po- 

t e n t i a l .  

These are f i t t e d  t o  an a n a l y t i c a l  approximation formula,  

Although a proper  RKR a n a l y s i s  y i e l d s  a much more accu ra t e  

eseimate of t h e  p o t e n t i a l , 7  i t  i s  much more r e s t r i c t i v e  than t h e  present  

method s i n c e  i t  r e q u i r e s  as a d d i t i o n a l  information t h e  abso lu te  vibra-  

t i o n a l  numbering, and t h e  energ ies  and Bv cons t an t s  of levels  

below t h e  one whose t u r n i n g  p o i n t s  are being c a l c u l a t e d ,  Furthermore,  

- 1 -  
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the  RKR approach provides  no estimate of  D o r  of t h e  energ ies  o r  even of 

t h e  t o t a l  number of v i b r a t i o n a l  l e v e l s  above t h e  h i g h e s t  one observed, 

and o f f e r s  no d i r e c t  means of e x t r a p o l a t i n g  beyond t h e  observed levels.  

11. Method 

A. Der iva t ion  and Spec ia l  Cases 

The s t a r t i n g  

quan t um con d i  t ion  

po in t  of t h e  present  treatmen& is  t h e  f i r s t - o r d e r  WKB 

f o r  t h e  eigenvalues  of a p o t e n t i a l  V(R) 

where E(v) is t h e  energy of level v and R1(v) and R (v) are i t s  

c lass ical  t u r n i n g  p o i n t s :  E(v) = V(R1(v)) = V(R2(v))- Although t h e  

allowed eigenvalues  correspond t o  i n t e g e r  v i t  i s  convenient t o  treat  

2 

v as a continuous v a r i a b l e .  

D i f f e r e n t i a t i o n  of Eq.  (1) wi th  r e spec t  t o  E(v) y i e l d s  

dv 1 ,!=Ti= 

s i n c e  t h e  d e r i v a t i v e s  of t h e  i n t e g r a l  l i m i t s  are zero.  Considerat ion 

of t h e  n a t u r e  of t h e  in tegrand  i n  Eq .  (2) sugges ts  t h a t  t h e  i n t e g r a l  w i L 1  

be very n e a r l y  unchanged i f  t h e  exac t  V(R) is rep laced  by an approxi- 

mate func t ion  which i s  accu ra t e  near  t h e  o u t e r  t u r n i n g  po in t  

This  i s  i l l u s t r a t e d  i n  Fig.  1 f o r  t h e  case of amodel p o t e n t i a l ,  chosen 

R2(v).  

t o  b e  of t h e  Lennard-Jones(12,6) form.  * Using t h e  asymptot ic  approxima- 

t i o n  f o r  V(R) : 
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V(R) = D - C /Rn n 

where D i s  t h e  d i s s o c i a t i o n  l i m i t  of  t h e  p o t e n t i a l ,  C is  given by n 

E(v) D - (313)  

Changing t h e  v a r i a b l e  of i n t e g r a t i o n  t o  y f R,(v)/R, Eq. (2) becomes 
L 

In  t h e  l i m i t  

krrown.’ This  y i e l d s  an approximate a n a l y t i c a l  express ion  f o r  - 
near  t h e  d i s s o c i a t i o n  l i m i t :  

R1(v) -+ 0 (g. ,R2(v)/Rl(v) -+ m) t h i s  i n t e g r a  i s  w e l l  

dE (v) 
dv 

where K i s  an obvious c o l l e c t i o n  of cons t an t s  and r ( x )  is t h e  gamma 

f u n c t i o n , l 0  Note t h a t  - dE(v’ is  c l o s e l y  r e l a t e d  t o  t h e  convent iona l  

Birge-Sponer o rd ina te ;  c.g.s.  u n i t s  are implied through- 

out .  

n 

dv 

Eq. ( 4 )  shows t h a t  f o r  t h e  uppermost v i b r a t i o n a l  levels of a given 

diatomic s p e c i e s ,  t h e  spacings depend only upon t h e  long range p o t e n t i a l  

parameters D ,  n and C . Thus, f o r  e l e c t r o n i c  states wi th  t h e  

same long range p o t e n t i a l ,  B-S p l o t s  f o r  levels n e a r  D w i l l  be  p r e c i s e l y  

superimposable upon s h i f t i n g  of t h e i r  a b s c i s s a  (v)  scales. This  r e s u l t  

is d iscussed  f u r t h e r  i n  Appendix A. 

n 
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For sets of v i b r a t i o n a l  levels whfch can be descr ibed  by E q .  ( 4 ) ,  

t h e  cu rva tu re  of t h e  B-S p l o t  must b e  p o s i t i v e ,  s i n c e 5  

For n = 6 t h i s  cu rva tu re  i s  a cons t an t ;  f o r  n > 6 it  inc reases  wi th  

inc reas ing  v , becoming i n f i n i t e  a t  t h e  d i s s o c i a t i o n  l i m i t ;  f o r  n < 6 

i t  decreases  t o  zero a t  D P o s i t i v e  curva ture  of a B-S p l o t  f o r  a set  

of experimental  v i b r a t i o n a l  energ ies  i s  the re f  o re  a necessary (though 

not  s u f f i c i e n t )  cond i t ion  f o r  t he  a p p l i c a b i l i t y  of t he  present  method. 

I n  p r a c t i c a l  a p p l i c a t i o n s  i t  is  most convenient t o  employ t h e  

i n t e g r a t e d  form of E q .  ( 4 )  , which f o r  n # 2 i s  

D - E(v) = 

1 2 3  1 3  where, i n  gene ra l ,  v i s  an i n t e g r a t i o n  cons t an t ,  For n > 2, vD 

takes  on phys ica l  s i g n i f i c a n c e  as t h e  e f f e c t i v e  (non-integer) v i b r a t i o n a l  

index a t  t h e  d i s s o c i a t i o n  l i m i t ,  provided t h a t  t h e  p o t e n t i a l  i s  w e l l  ap- 

proximated by E q . ( 3 )  from t h e  h ighes t  observed levels up t o  D e I n  t h i s  

case ,  t r u n c a t i o n  of v t o  an i n t e g e r  y i e l d s  t h e  v i b r a t i o n a l  index  of t h e  up- 

permost r o t a t i o n l e s s  level,  say  N D B  

' 'natural ' '  dependent and independent v a r i a b l e s  i n  Eq e (6)  are r e s p e c t i v e l y  

t h e  b inding  energy D-E(v), and the  v i b r a t i o n a l  "index" counted down from 

D ( f o r  n > 2), 

D 

D 

It i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  

Appl ica t ions  of  the  present  method are based upon t h e  



f i t t i n g  of experimental  ene rg ie s  E(v) t o  Eq. (6) t o  y i e l d  va lues  

t h e  four  q u a n t i t i e s  D ,  n ,  C and v This  i s  d iscussed  f u r t h e r  

Sec. I I C  and 111, 

n D' 

5 

of 

i n  

While t h e  p o t e n t i a l s  considered above (n > 2) are of most p r a c t i c a l  

i n t e r e s t ,  r e s u l t s  f o r  n < 2 w i l l  b e  noted.  Here t h e  i n t e g r a t i o n  con- 

s t a n t  v must b e  smaller than  any of t h e  v va lues  of t h e  levels 

being f i t t e d  (and may even be  n e g a t i v e ) ,  s i n c e  K i s  p o s i t i v e  and 

(12-2) i s  nega t ive  ( see  Eq. ( 6 ) ) .  For n = 1, Eq. (6) becomes 

D 

n 

D - E(v) 2 

which i s  t h e  exac t  quantum r e s u l t  i f  one sets v = -1. l 4  For n = 2 ,  

i n t e g r a t i o n  of Eq6 ( 4 )  y i e l d s  

D 

D - ~ ( v )  = [D - E ( O ~  exp (7) 

Here t h e  assignment of any given level as v = 0 i s  a r b i t r a r y  s ince 

t h e  levels cannot b e  enumerated e i t h e r  down from D o r  up from a 

lowest l e v e l O L 5  

except t h a t  i t  omits t h e  (usua l ly  sma l l )  e f f e c t  on t h e  apparent  

cons tan t  of t h e  Langer t o  t h e  WKB i n t e g r a l ?  Eq. (1). 

Eq. (7) i s  i d e n t i c a l  t o  t h e  exac t  quan ta l  r e s u l t 1 4  

c2 

The p resen t  approach can a l s o  b e  app l i ed  t o  p o t e n t i a l s  whose long- 

range t a i l s  are n o t  of t h e  i n v e r s e  power form. For example, cons ider  any 

p o t e n t i a l  wi th  an a t t r ac t ive  exponen t i a l  t a i l ,  l 7  such t h a t  a t  l a r g e  

V(R) = D - Ae-PRa 

p o t e n t i a l  i n  Eq, (2) by i t s  t a i l ,  and P e t t i n g  

analogous t o  Eq. ( 4 )  i s  obtained:  

R: 

Applying t h e  same approximations ( r ep lac ing  t h e  fu l l .  

+- 0 ) ,  an express ion  Rl 
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3 -1 

A s  w i th  E q .  ( 4 ) ,  i n  t h i s  case t h e  v i b r a t i o n a l  spacings n e a r  D depend only 

on t h e  p o t e n t i a l  parameters (here  D, 6, and A) and t o  a f i r s t  approxima- 

t i o n  ( ignor ing  t h e  a r c s i n  t e r m 9  they are independent of A. I n t e g r a t i o n  

of t h i s  express ion  y i e l d s  

E - -  sin-' = -  .KP (V,-V> IT 

where t h e  i n t e g r a t i o n  cons t an t  v has  t h e  same phys ica l  s i g n i f i c a n c e  

as i n  t h e  i n v e r s e  power (n > 2)  case,  Upon expanding t h e  l e f t  hand s i d e  

as a power series i n  , r eve r s ion  of t h e  series y i e l d s  

D 

(9 > 5 
f (V,-V) Y -I- - 4 (V,'V) Y 2  f * * 

where 

A s  w i t h  t h e  i n v e r s e  power p o t e n t i a l ,  t h e  B-S p l o t  w i l l  show p o s i t i v e  

cu rva tu re ;  however h e r e  t h e  cu rva tu re  i s  q u i t e  s m a l l  and t o  f i r s t  o rder  

( s e t t i n g  Y=O) i t  i s  zero .  

This  r e s u l t  (Eq. ( 9 ) )  f o r  p o t e n t i a l s  w i th  an  exponent ia l  t a i l  i s  

9 8  

p a r t i c u l a r l y  u s e f u l  s i n c e  i t  al lows a test of t h e  approximations bnder- 

l y i n g  t h e  p re sen t  t rea tment .  

t a l  r e s u l t s  f o r  one r e a l i s t i c  model p o t e n t i a l  wi th  an exponent ia l  ta i l , ,  

One may compare Eq. (9)  w i th  t h e  exac t  quan- 
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t h e  Morse po ten t i a l : ' 9  VM(R) = De [I - e -P(R-Re) a , whose e igenvalues  

are given by 4914 

T12P2 (v,-v)2' = w x (v -v) 2 D-E(v) = ~ e e  D 
2u 

(113 

where v i s ,  as be fo re ,  t he  e f f e c t i v e  v i b r a t i o n a l  index a t  D . Clearlyj 

i n  t h e  l i m i t  Y -t 0,  t h e  d i s t r i b u t i o n  of v i b r a t i o n a l  levels  p red ic t ed  

by Eq. (11) agrees  wi th  t h a t  of Eq. ( 9 ) .  This  i s  t r u e  d e s p i t e  t h e  change 

D 

i n  v which merely amounts t o  a change i n  v i b r a t i o n a l  numbering and a 

small s h i f t  i n  t h e  e igenvalues  ( a r i s i n g  from t h e  s m a l l  change i n  

i n  e f f e c t  t h i s  change i n  v merely s h i f t s  t h e  absc i s sa  scale i n  t h e  

B-S p l o t .  The in f luence  of t h e  short-range po r t ion  of t h e  Morse poten- 

D Y  

vD-ND)j 

D 

t i a l  i s  thus  merely t o  remove t h e  s m a l l  "cor rec t ion"  t e r m s  i n  (v  -v)Y 

from Eq. ( 9 ) ,  y i e l d i n g  Eq. (11) .  The va lue  of  Y depends on both  P 
D 

and t h e  c o e f f i c i e n t  of t h e  long range ( a t t r a c t i v e )  exponent ia l  t e r m  i n  

VM(R), 2Dee ; s u b s t i t u t i n g  t h i s  f o r  A i n  Eq. (10) and us ing  known 

r e l a t i o n s  among t h e  Morse parameters at 

PRe 

one i d e n t i f i e s  

o x  ;e e -%Re 
y = -  - e u e TT 

which shows t h a t  f o r  t y p i c a l  diatomics  Y << 1. 

B o  Sign i f i cance  of Parameters and Sources of E r ro r  

Pe r tu rba t ion  theory  sugges ts2 '  t h a t  nea r  t h e  d i s s o c i a t i o n  l i m i t  t he  

i n t e r n u c l e a r  i n t e r a c t i o n  may be expressed as a sum of i nve r se  ( i n t e g e r )  

power t e r m s  i n  R : 
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V(R)  D - 

Over any small i n t e r v a l ,  E q ,  (3) i s  a c l o s e  approximation t o  E q .  (13) ,  

i f  one cons iders  n t o  be  an "e f f ec t ive"  o r  " loca l"  power which cor- 

responds t o  a weighted average of t h e  d i f f e r e n t  m values:2 '  

1 

9 - -  n =  

In  t h e  l i m i t  v -+ v as R (v) reaches  t h e  asymptot ic  reg ion ,  t h e  D' 2 

e f f e c t i v e  non-integer  power n +- 6 ,  t h e  ( i n t e g e r )  smallest power con- 

t r i b u t i o n  t o  Eq .  (13).  A s  long as t h e  p o t e n t i a l  f o r  t h e  s t a t e  i n  ques- 

t i o n  i s  w e l l  behaved,22 f i t s  of Eq .  (6) t o  d i f f e r e n t  subse t s  of a given 

energy spectrum should a l l  y i e l d  e s s e n t i a l l y  t h e  s a m e  va lue  of 

though t h e  rv loca l l l  va lues  of n ,  C and v d i f f e r  s l i g h t l y .  

D , 

n D 

A t  somewhat s h o r t e r  s epa ra t ions ,  exponent ia l - type exchange f o r c e s  

r ep lace  t h e  inverse-power t e r m s  i n  dominating t h e  i n t e r a c t i o n ;  2G rhus 

t h e  B-S p l o t  becomes i n c r e a s i n g l y  l i n e a r  f o r  t h e  deeper l e v e l s .  l a  HOW- 

ever, t h e  approximations of t h e  p re sen t  t rea tment  are  worse f o r  these 

more deeply bound levels ,  s o  only t h e  reg ion  dominated by t h e  long-range 

inverse-power terms ( p o s i t i v e  cu rva tu re  of t h e  B-S p l o t )  should b e  

t r e a t e d  by t h e  p re sen t  method. 

There are two main sources  of e r r o r  i nhe ren t  i n  t h e  approximations 

represented  by E q .  (3 ) .  F i r s t  and most obvious i s  t h e  neg lec t  of t h e  

s i n g u l a r i t y  a t  R (v) i n  t h e  exac t  i n t eg rand  of E q .  ( 2 )  ( see  F ig ,  1). 

This  omission tends  t o  make t h e  estimate of t h e  i n t e g r a l  used t o  o b t a i n  

1 

Eq .  ( 4 )  somewhat smgll ,  and s i n c e  t h e  r e l a t i v e  magnitude of  t h i s  e r r o r  
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decreases  f o r  t h e  h ighe r  l e v e l s ,  t h e  e f f e c t  w i l l  b e  t o  y i e l d  va lues  of 

both n and Cn which are somewhat t oo  Parge. 

The second source of  e r r o r  arises from t h e  f a c t  t h a t  a r e a l i s t i c  

long-range in t e ra tomic  p o t e n t i a l  is  a sum of a t t r a c t i v e  inverse-power 

terms (see E q .  (13))  i n  c o n t r a s t  t o  t h e  s i n g l e  a t t rac t ive  term i n  t h e  

model L . J . (12 ,6 )  p o t e n t i a l .  This  means t h a t  whatever t h e  e f f e c t i v e  

inverse-power p r e c i s e l y  a t  a given 

h igher  powers Cont r ibu te  r e l a t i v e l y  more t o  t h e  p o t e n t i a l  f o r  

so  t h a t  t h e  exac t  in tegrand  of E q .  (2)  i s  smaller than  t h a t  f o r  t he  

s i n g l e  C /Rn func t ion  which b e s t  f i t s  t h e  p o t e n t i a l  a t  R2(v). This  

R2(v) (from E q .  (14 ) ) ,  terms wi th  

R < R2(v)> 

n 

e r r o r  has  t h e  oppos i te  e f f e c t  of t h e  f i r s t ,  t ending  t o  produce va lues  

of n and C which are s l i g h t l y  t o o  s m a l l .  The former e r r o r  i s  most 

s e r i o u s  f o r  t h e  deeper levels,  wh i l e  t h e  l a t t e r  dominates t h e  s i t u a t i o n  

as n ( see  E q .  (14))  approaches i t s  asymptot ic  va lue  n . 

n 

24 

A t h i r d  p o t e n t i a l  source of e r r o r  arises from use of t h e  f i r s t . -  

o rder  WKB approximation (given by E q .  ( l ) ) ,  compounded by t h e  omission 

of t h e  Langer c o r r e c t i o n . B 6  

is  expected t o  b e  n e g l i g i b l e .  

However t h e  e f f e c t  of t h i s  approximation 

2 4  

Values of D ,  n and C obtained on f i t t i n g  any given set of v i b r  n 

r a t i o n a l  energ ies  t o  E q .  (6) y i e l d  a " loca l"  estimate of t h e  p o t e n t i a l  

i n  t h e  form of E q .  (3) .  Because of t h e  e r r o r s  descr ibed  above, t h i s  

estimate of t h e  p o t e n t i a l  w i l l  be  somewhat t oo  deep when using d a t a  f o r  

t h e  deeper  l e v e l s ,  and s l i g h t l y  too  shal low when cons ider ing  only  t h e  

h ighes t  levels. This  i s  i l l u s t r a t e d  by t h e  examples considered i n  

Sec. 111. 

-.. 
Next i n  importance t o  D are t h e  power n and c o e f f i c i e n t  C- of 

t h e  longes t  range (lowest power) t e r m  i n  t h e  expansion f o r  t h e  p o t e n t i a l  

n 
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(see Eq. (13 ) ) ,  The e r r o r s  i n  n ( see  above) which induce s l i g h t  

e r r o r s  i n  D may a l s o  weaken t h e  accuracy of n However, f o r  many 

e l e c t r o n i c  states n i s  known from t h e o r e t i c a l  cons idera t ions ;  2 5  

t h e  only ques t ion  i s  whether t h e  l e v e l s  be ing  f i t t e d  l i e  c l o s e  enough 

t o  t h e  d i s s o c i a t i o n  l i m i t  D t o  be governed mainly by t h e  asymptot ic  

R? t e r m  of t h e  p o t e n t i a l ,  

n t o  be  equal  t o  n and employ a t h r e e  parameter f i t  t o  Eq. (6)  (or  

i f  n = 2 ,  a two parameter f i t  t o  Eq. (9)). This  should y i e l d  improved 

accuracy i n  D and provide  s i g n i f i c a n t  va lues  of t h e  t h e o r e t i c a l l y  

i n t e r e s t f n g  C- and v 

.., 

Y 

- 
I f  t h i s  i s  s o ,  i t  i s  d e s i r a b l e  t o  c o n s t r a i n  

- 
* 

D "  n 

C.  Implementation 

In  t h i s  s e c t i o n ,  a procedure i s  descr ibed  f o r  t h e  p r a c t i c a l  appl ica-  

t i o n  of t h e  present  method t o  experimental  da t a  i n  a manner intended t o  

y i e l d  t h e  b e s t  p o s s i b l e  estimates of t h e  parameters D ,  n ,  C and ( f o r  

n # 2)  vD. The gene ra l  case of n 2 w i l l  be  considered f i r s t ,  

followed by a b r i e f  d i scuss ion  of t h e  s i t u a t i o n  f o r  

n 

n = 2.  

A l eas t - squares  f i t  of experimental  energ ies  d i r e c t l y  t o  Eq. (6)  

i s  t h e  most genera l  way of ob ta in ing  t h e  b e s t  va lues  of t h e  four  quan- 

t i t i es?6  However, s i n c e  t h i s  express ion  i s  non- l inear  i n  t h e  parameters , 

t h e  gene ra l  r eg res s ion  problem may have no unique s o l u t i o n  s i n c e  t h e  sum 

of squares  may show l o c a l  minima which do not  correspond t o  t h e  

b e s t  parameter values.  Th i s  problem can be avoided i f  t h e  i n i t i o 1  

t r i a l  parameter va lues  requi red  by non-l inear  r eg res s ion  procedures are 

s u f f i c i e n t l y  accu ra t e .  The necessary t r i a l  va lues  f o r  n and v may be 

obtained from a f i t  t o  a l i n e a r  expression Dbtained on combining 

D 



d e r i v a t i v e s  from Eq. (6),: 27 

Holding f i x e d  t h e  n and v va lues  thus  obta ined ,  Eq D 

l i n e a r  i n  a new independent v a r i a b l e ,  w (VfV 

E(v) = D - w K n 

This y i e l d s  t r i a l  va lues  of D and K (which g ives  C via Eq. ( 4 ) ) ,  n n 

The 

f o r  t h e  d i r e c t  non-l inear  f i t  of t h e  experimental  energ ies  t o  Eq. (6) ;" 

t he  l i n e a r i t y  of Eq. (15) and (16) makes t h i s  approach p a r t i c u l a r l y  

fou r  parameter va lues  thus  obta ined  are good s t a r t i n g  approximations 

s t r a igh t fo rward .  2 9  3 3 0  
~. 

While Eq. (16) may b e  used only f o r  n # 2 ,  Eq. (15) is a l s o  v a l i d  
, .  

f o r  n = 2,  s i n c e  combining t h e  d e r i v a t i v e s  of Eq. ( 7 )  shows t h a t  

e Manipulaf- n-2 
n-l-2 Thus, even though v (n=2) = l i m  (-)vD(n)= 

n+2 D 

ing  Eq. ( 4 )  and i t s  d e r i v a t i v e s ,  one ob ta ins  s imple express iops  y i e l d i n g  

t r i a l  va lues  of D and Cn: 

2 

D = E(v) - 
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where,as be fo re ,  C i s  obtafned from K While E q s .  (17) are v a l i d  

f o r  a l l  n , i n  p r a c t i c e  they are somewhat less .accurate  and more d i f -  

f i c u l t  t o  use than  i s  Eq .  (16) e 3 1  

n n 

III. Appl ica t ions  

A. D i s soc ia t iob  L i m i t  and P o t e n t i a l  T a i l  from Eigenvalues 

of a Model P o t e n t i a l  

The method i s  f i r s t  appl ied  t o  t h e  exac t  e igenvalues  of t h e  pre- 

v ious ly  mentioned (Sec. IIA) 24-level L . J .  ( l 2 , 6 )  p o t e n t i a l : '  

V(R) = 1 4- 1/Rr2 - 2/R6 (here  D = 1, n" = 6 ,  C6 = 2 ) .  

t h e  e igenvalues  of any L.J.(12,6) p o t e n t i a l  has p o s i t i v e  curva turg  

everywhere.6 

A B-S p l o t  of 

However, as 'discussed i n  Sec. 11, cons ide ra t iop  of t he  

deeper levels by t h e  present  method i s  inappropr i a t e ,  s o  t h e  fol lowing 

a n a l y s i s  d e a l s  only w i t h  t h e  eleven levels l y i n g  less than 10% of the  

w e l l  depth below t h e  d i s s o c i a t i o n  l i m i t  (%.)D - E(v) < 0.1  D ) . I' 
Thoughout t h i s  s e c t i o n ,  ene rg ie s  are expressed i n  u n i t s  of t h e  w e l l ,  

depth (&, set De = l), 

(&.,set R 

minimum a 

e - 

l eng th  i n  u n i t s  of t h e  equ i l ib r ium d i s t a n c e  

= l), and t h e  zero of energy i s  se t  a t  the  p o t e n t i a l  e 

The ca l cu la t ed  e igenvalues  f o r  t h e  eleven h ighes t  levels were 

smoothed by f i t t i n g  them t o  a 5th o rde r  polynomial i n  

ob ta in  t h e  d e r i v a t i v e s  on t h e  l e f t  hand s i d e  of E q .  (15). Fig.  2 shows 

a p l o t  of t h i s  d e r i v a t i v e  r a t i o  E. v , compared wi th  l i n e s  whose s lopes  

correspond ( v i a  E q .  (15)) t o  i n t e g e r  n = 5, 6 ,  and 7 . 3 2  A leas t  squares  

f i t  of t h e s e  d e r i v a t i v e  r a t i o s  t o  E q .  (15) y i e lded  n = 6.29 and 

v = 23.27?'fixing n and v a t  t h e s e  va lues ,  a subsequent f i t  o f  t h e  

v , i n  o rde r  t o  

D D 
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-5 
eigenvalues  t o  Eq. (16) y i e lded  D = 1.0 - 1 . 3 1 ~ 1 0  ( the  c o r r e c t  va lue  

i s  e x a c t l y  1 .0)  and C = 3,43. These estimates of t h e  parameters were 

then used as t h e  i n i t i a l  t r i a l  va lues  f o r  a non-l inear  f i t t i n g  of t h e  

eleven ene rg ie s  t o  E q .  (6)  0 2 6  ’” 

D = 1.0 - 1 . 2 9 ~ 1 0  , n = 6.30, C = 3.46 and v 5 23.25. 

n 

The parameters t h u s  obtained were 

-5 
n D 

The above f i t t i n g  procedure w a s  then repea ted  s e v e r a l  t i m e s  whi le  

t h e  deeper l e v e l s  were suceess ive ly  omitted.  Levels i n  t h e  i n t e rva l  

v < v < v were inc luded  i n  a given f i t ;  v w a s  f i xed  a t  23  ( t h e -  
L -  - H  H 

h ighes t  l e v e l )  whi le  vL w a s  success ive ly  increased  from 13 t o  19.  3 3  

I n  Fig.  3 t h e  r e s u l t i n g  parameter va lues  ( s o l i d  curves)  are p l o t t e d  

aga ins t  t h e  energy of t h e  lowest level  included i n  a g iven  f i t ,  E(vL).  
“4 

For a L.J . (12,6)  p o t e n t i a l  n = 6 and t h e  e f f e c t i v e  n a t  t h e  

o u t e r  t u r n i n g  po in t  (from Eq. (14)) i s  always less than s ix  ; t hus  

t h e  f a c t  t h a t  four-parameter f i t s  t o  Eq. ( 6 ) 2 9  always y i e l d  n > 6 

must b e  due t o  t h e  f i r s t  source of e r r o r  d i scussed  i n  Sec. I I B .  

To o b t a i n  more accu ra t e  estimates of D ,  C and v t h e  above f i t t i n g  

procedure w a s  repea ted  wi th  n f i x e d  a t  ;i = 6. Levels v t o  vH== 23  

were f i t t e d  while  

y i e l d i n g  t h e  parameter va lues  jo ined  by t h e  dashed curves i n  F ig .  3. 

This  procedure w a s  repea ted  wi th  n f ixed  i n  t u r n  a t  5 and 7 ,  y i e l d i n g  

n D’ 

L 

vL w a s  increased  success ive ly  from 1 3  t o  2 0 , 2 9 9 3 3  

t h e  do t t ed  curves i n  Fig.  3. Considerat ion of t h e  d i f f e r e n t  curve3 f o r  

D sugges ts  t h a t  t h e i r  comparative convergence ( f l a t t e n i n g )  i s  a tes t  

of t h e  t r u e  va lue  of . 3 4  I n  gene ra l ,  t h e  three-parameter f i t s  w i t h  

n f i x e d  a t  6 y i e l d  -meaningful va lues  of C- and v and g ive  b e t t e r  

estimates of D than do t h e  four-parameter f i t s .  “Best” va lues  of a l l  

n R 

parameters are obtained from t h e  r i g h t  hand ends of  t h e  dashed curves i n  



1 4  

Fig.  3: D = 1.0 f 0 , 1 3 ~ 1 0 - ~ ,  C6 = 2-01 ,  and vD = 23.353. This  vD 

va lue  agrees  w e l l  wi th  t h e  f i r s t  o rde r  WKB va lue  of 23.358. 

A s  pointed out  above, t h e  dominant e r r o r  a f f e c t i n g  these  L.J . (12,6)  

The va lues  r e s u l t s  ar ises  from t h e  e f f e c t  of t h e  s i n g u l a r i t y  a t  

of n and C ob ta ined  from t h e  four-parameter f i t s  (and t h e  

values  from t h e  three-parameter f i t s )  are somewhat l a r g e ;  as expected,  

t h e  e r r o r  diminishes  as t h e  deeper levels are success ive ly  dropped. 

R1(v). 

'6 n 

A s  d i scussed  i n  Sec. I I B ,  t he  p re sen t  method y i e l d s  values  of D ,  

n and Cn which provide " loea l"  estimates of t h e  p o t e n t i a l  over  the  

range of energ ies  being f i t t e d .  Hence t h e  o u t e r  t a i l  of t h e  p o t e n t i a l  

may be approximated by t h e  r e s u l t s  of a series of piecewise f i t s .  

Furthermore, s i n c e  a l l  of t h e  p ieces  should correspond t o  the  same 

va lue  of D,  holding D f ixed  a t  t h e  ' 'best" va lue  obtained above should 

improve t h e  accuracy of t h e  der ived  p o t e n t i a l ,  p a r t i c u l a r l y  f o r  t h e  

deeper segments. To explore  t h i s  p o i n t ,  levels v t o  v w e r e  f i t t e d  

t o  E q .  ( 6 ) , 2 9  wi th  D h e l d  f ixed  a t  1 .0  and vH- v = 4 ,  whi le  v 

w a s  success ive ly  decreased from 23 t o  9%. The r e s u l t a n t  curves  

L H 

H L 

are shown i n  Fig. 4 (only t h e  segments corresponding t o  odd v have H 

been inc luded) ;  t h e  p o i n t s  are the  exac t  t u rn ing  p o i n t s ,  and i n  t h i s  

region are i n d i s t i n g u i s h a b l e  from t h e  -2/R6 asymptot ic  t a i l .  A s  

expected, t h e  f i t t e d  segments are somewhat t oo  deep. However t h e  

nes t ing"  of t h e  success ive  segments shows t h e  decreas ing  e r r o r  i n  the  I 1  

f i t t e d  n and C as t h e  d i s s o c i a t i o n  l i m i t  i s  approached.23 n 
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+ 
B,  D i s soc ia t ion  L i m i t  and P o t e n t i a l  T a i l  of C 1  (B3u ) 2 ou 

The method i s  now app l i ed  t o  experimental  d a t a  f o r  t h e  

s ta te  of C 1  Douglas, M@er and S t ~ i c h e f f ~ ~  have repor ted  accu ra t e  

v i b r a t i o n a l  energ ies  of l e v e l s  v = 6 t o  31 of  t h i s  s t a t e ,  t h e  h ighes t  

-1 observed l e v e l  l y i n g  only a few cm below D . A B-S p l o t  of t h e i r  

da t a  shows p o s i t i v e  cu rva tu re  above 

levels may be  t r e a t e d  by t h e  present  method. In  what fo l lows ,  t h e  zero  

of energy is  convenient ly  set a t  t h e  lowest v i b r a t i o n a l - r o t a t i o n a l  level 

of t h e  ground (X 1.) e l e c t r o n i c  state;  r e s u l t s  are repor ted  i n  t h e  con- 

ven t iona l  spec t roscopic  energy and l eng th  u n i t s :  c m  and A .  

2 "  

v = 11, and hence these  h ighe r  

a +  
g 

-1 37 

A s  i n  t h e  L.J . (12,6)  ease, t h e  v i b r a t i o n a l  ene rg ie s3& were re- 

peatedly f i t t e d  t o  Eq .  (6) (with four  f r e e  p a r a m e t e r s ) 2 6 ' 2 9 ' 3 3  whi le  

t h e  deeper  levels were success ive ly  omit ted from cons ide ra t ion ,  y i e l d i n g  

t h e  va lues  of n shown i n  Fig.  5 .  Theory i n d i c a t e s 3 '  t h a t  6 = 5 

f o r  t h i s  s ta te .  The f a c t  t h a t  t h e  f i t t e d  n f a l l s  s l i g h t l y  below 5 

( f o r  

cussed i n  Sec. I I B .  Over t h e  reg ion  where t h e - f i t t e d  n & 5, t h e  efgen- 

va lue  d i s t r i b u t i o n  i s  probably dominated by t h e  R term i n  t h e  poten- 

t i a l .  In  view of t h i s ,  t h e  d a t a  were r e f i t t e d  t o  Eq.  (6) wi th  n he ld  

f ixed  a t  5 , 2 6 y 2 9 3 3 3  t o  y i e l d  t h e  estimates of D ,  C and v jo ined  by 

t h e  dashed Pines i n  Fig.  5. These (n=5) values  of D are a l s o  compared 

t o  those  obtained from analogous f i t s  wi th  n f ixed  r e spec t ive ly  a t  

4 and 6 (dot ted  curves) .  A comparison of t h e  l i m i t i n g  (E(v ) -+ D) 

behavior  of t h e  t h r e e  D curves f o r  f i x e d  n suppor ts  t h e  conclusion 

t h a t  t h e  h ighes t  f i v e  o r  s i x  l e v e l s  P i e  i n  t h e  asymptotic n = 5 

Furthermore, comparison of t h e  n = 5 

v = 26 and 27) i s  probably due t o  t h e  second type  of e r r o r  d i s -  L 

-5 

n D 

L 

Y 

region.  

and "n f r ee"  curves sugges ts  t h a t  
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t h e  former gives  the more r e l i a b l e  estimate of D . This  de te rmina t ion  

of 5 = 5 f o r  t h i s  s t a t e  ( i n  agreement wfth theory)  d i f f e r s  wi th  t h e  

conclusion of Byrne, Richards,  and Horsley;39 t h e  source of t h e  e r r o r  

i n  t h e  ear l ier  work is discussed i n  Ref e 30. 

The present  a n a l y s i s  y i e l d s  D=20879.75(&0.10)cg1, C5=1.29(k0.03)x10 5 

cm-l g5, and v (n = 5)  = 34.90 (to .03) e 40 This  va lue  of D i s  i n  agree- 

ment w i th ,  bu t  i s  considerably more p r e c i s e  than t h e  experimenters ' b e s t  

estimate36 of D = 20880(&2.0) em-'. The above C5 compares w e l l  wi th  

t h e  t h e o r e t i c a l  va lue4 '  of 9.4 x 10 e m  Furthermore, t h e  f i t t e d  

valuk of v impl ies  t h a t  t h e r e  e x i s t  a t  least t h r e e  unobserved bound 

l e v e l s  above v = 31. Table I l i s t s  t h e  p red ic t ed  level ene rg ie s ,  ob- 

ta ined  by s u b s t i t u t i n g  n =, 5 and t h e  above values! f o r  t h e  o t h e r  t h r e e  

cons tan ts  i n t o  Eq. (6) .  

D 

5 -1 g5 
4 

D 

Table  I. Calcula ted  energ ies  ( in  ern-') f o r  unobserved bound 

+ c l 2  (B 'ITou) levels. ' 

It i s  i n t e r e s t i n g  t o  explore  t h e  ques t ion  of  t h e  accuracy of t he  

D va lue  which would have been obta ined  by t h e  present  method i f  t h e  dgta  

f o r  a few of t h e  h ighes t  observed levels had not  been a v a i l a b l e .  I n  t b i s  

case t h e  l o c a l  p o t e n t i a l  f o r  t h e  h ighes t  remaining l e v e l s  would no t  b e  

dominated by t h e  asymptot ic  R (&5) t e r m ,  s o  genera l  four-parameter 

f i t s  t o  Eq.  (6) are necessary ( c f .  t h e  three-parameter,  n f i x e d  a t  

* 
-n 
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f i t s  descr ibed  above).  Experimental ene rg ie s  were repea ted ly  f i t t e d  t o  

Eq. ( 6 ) ,  e i g h t  a t  a t i m e ,  as t h e  h ighes t  observed levels were succes- 

s i v e l y  dropped from c o n s i d e r a t i a n ~ 6 s ” ’ 4 4  Fig.  6 shows t h e  va lues  of D s o  

obtained p l o t t e d  - VSB t h e  energy of t h e  h ighes t  level included i n  a g ivea  

f i t  E(vH) 42 It is  noted  t h a t  even i f  no l e v e l s  had been observed 

-1 above v = 20 (which l i es  - c a ,  244 e m  below D ), the  present  method 

would have y i e lded  D w i t h i n  5 . 5  c m  1 I n  c o n t r a s t ,  a l i n e a r  B-S 

ex t r apo la t ion  from v = 20 y i e l d s  a n  e r r o r  i n  D of - ca. 69 c m  . 

-1 

-1 

+ 
ou To o b t a i n  an estimate of t h e  t a i l  of t h e  C12(B3G ) p o t e n t i a l  

curve,  t h e  da t a  w e r e  aga in  f i t t e d  t o  Eq.(6)29 e i g h t  levels a t  a t i m e ,  except  

t h i s  t i m e  D w a s  he ld  f i x e d  a t  t h e  “bes t ”  va lue  of 2 0 8 7 9 . 7 5 ~ ; l . ~ ~  I n  Pig.7 t h e  

segmented p o t e n t i a l  s o  obta ined  i s  compared t o  t h e  RKR turn ing  p o i n t s  

c a l c u l a t e d  by Todd, Richards,  and Byrne. 4 4  

I V .  Concluding Remarks 

It has  been shown t h a t  t h e  d i s t r i b u t i o n  of v i b r a t i o n a l  levels near  

t he  d i s s o c i a t i o n  l i m i t  of a diatomic molecule is  governed mainly by t h e  

long-range a t t rac t ive  t a i l  of t h e  i n t e r n u c l e a r  p o t e n t i a l .  4 5  

approximate a n a l y t i c  express ion  has  been der ived  f o r  t h i s  d i s t r i b u t i o n ,  

i n  terms of t h e  d i s s o c i a t i o n  l i m i t  D , t h e  power n and c o e f f i c i e n t  

C of t h e  e f f e c t i v e  l o c a l  inverse-power p o t e n t i a l ,  and an i n t e g r a t i o n  

cons tan t  v (which has  phys i ca l  s i g n i f i c a n c e  i f  n = 6 ) b  These quant i -  

ties may b e  determined via a leas t - squares  f i t  o f  experimental  v i b r a t i o n a l  

energ ies  t o  t h i s  equat ion.  “’ 29’ 3 J  

A simple 

n 

D 

This  approach y i e l d s  t h e  b inding  energy of t h e  h ighes t  observed 

level w i t h  an e r r o r  of a t  most a few percent ,  which i s  f a r  supe r io r  t o  

t h e  e r r o r  o f t e n  r e s u l t i n g  from use  of t h e  customary B-S e x t r a p o l a t i o n  



 procedure^,^ It a l s o  l eads  t o  a determinaeion of t h e  power n and 

c o e f f i c i e n t  C of t h e  asymptot ica l ly  dominating lowest power t e r m  i n  n 
t h e  inverse-power expansion f o r  t he  p o t e n t i a l ;  t he  r e s u l t s  f o r  C12(B s +  UbU) 

accord w e l l  wi th  theory .  '' 
o u t e r  branch of t h e  p o t e n t i a l  over t h e  range of t h e  h ighes t  levels ,  

a l b e i t  less accura t e  than  an RKR p o t e n t i a l .  However t h e  present  method 

i s  much less res t r ic t ive  i n  its d a t a  requirements ,  and hence may b e  ap- 

p l i e d  i n  many s i t u a t i o n s  where t h e  RKR approach cannot.  Here t h e  only 

r e s t r i c t i o n s  on t h e  input  d a t a  are t h a t  t h e  levels must l i e  near  t h e  

d i s s o c i a t i o n  l i m i t  

I n  add i t ion ,  one ob ta ins  an estimate of t h e  

D , and t h a t  t h e i r  B-S p l o t  show p o s i t i v e  curvature!? 

A u s e f u l  a d d i t i o n a l  f e a t u r e  of t h e  present  method i s  i t s  a b i l i t y  

(when 

t h e  h i g h e s t  observed level.  

n=G) t o  p r e d i c t  t h e  energ ies  of a l l  unobserved levels l y i n g  above 

The main a l t e r n a t i v e  methods of ob ta in ing  estimates of D from 

spec t roscop ic  da t a  are through use of t h e  less accura t e  B-S e x t r a p o l a t i o n  

( r e f e r r e d  t o  earlier) o r  from t h e  l i m i t i n g  curve of d i s s o c i a t i o n  (LCD) 

In  t h e  Patter case,  D is  deduced by e x t r a p o l a t i o n  t o  ze ro  J of  p l o t s  

of t h e  uppermost observed r o t a t i o n a l  levels z. 
c e r t a i n t y  i n  D is in t roduced  by t h e  problem of determining t h e  breaking- 

of f  po in t  Jmax f o r  each v ; t h i s  i s  p a r t i c u l a r l y  important f o r  t he  

v i b r a t i o n a l  levels p red i s soc ia t ing  a t  small  J , c l o s e s t  t o  t h e  i n t e r c e p t  

of t h e  LCD a t  D ( s . ~  see t h e  case of B r  (B3X ) discussed  i n  Ref e 30) a 

It appears  t h a t  t h e  LCD method i s  less r e l i a b l e  than  t h e  present  one. 

J ( J + l ) ,  A l a r g e  un- 

+ '  
2 ou 

Y 

A l t e r n a t i v e  spec t roscop ic  approaches t o  t h e  determinat ion of n and 

C- n 

Bernstein.  48 

are t h e  s tandard  RKR procedure,and t h e  p r e d i s s o c i a t i o n  method of 

D i f f i c u l t i e s  i n  t h e  u s e  of t h e  former are d iscussed  i n  Ref. 30,  
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The l a t t e r  has  been found t o  y i e l d  reasonable  r e s u l t s  f o r  a number of 

systems; 38948'49 however i t  s u f f e r s  from t h e  above-mentioned problem of 

determining J b Furthermore, it presupposes an accu ra t e  va lue  of D e 

In  genera l ,  t h e r e f o r e ,  5 and C- values  e x t r a c t e d  from p r e d i s s o c i a t i o n  

da ta  are expected t o  b e  less r e l i a b l e  than  those  ob ta inab le  by t h e  p re sen t  

max 

n 

I method 

In a d d i t i o n  t o  spec t roscop ic  methods, atomic beam s c a t t e r i n g  measure- 

ments y i e l d  6 and C- values  of roughly t h e  same accuracy as those  ob-. 

t a ined  from t h e  p re sen t  method. '* 
complementary. The present  approach is  b e s t  app l i ed  t o  e l e c t r o n i c  states 

of a s t r o n g l y  ("chemically") bound molecule wi th  many v i b r a t i o n a l  levels ; 

where t h e  profus ion  of e l e c t r o n i c  states a r i s i n g  from t h e  i n t e r a c t i o n  

of a l l  b u t  c losed-she l l  atoms prec ludes  t h e  use  of s c a t t e r i n g  measurements. 

On t h e  o t h e r  hand, t h e  shal low van d e r  Waals p o t e n t i a l  wells normally 

encountered wi th  c losed-she l l  atoms, i d e a l  f o r  s tudy  by t h e  beam scat- 

t e r i n g  technique,  do no t  support  enough bound states t o  be  t r e a t e d  by t h e  

present  method. 

n 

These two techniques are e s s e n t i a l l y  

The new approach has  been demonstrated by applying it  t o  t h e  exac t  

computed eigenvalues  of a model L.J.(12,6) p o t e n t i a l ,  and t o  t h e  a c c u r a t e  

experimental  v i b r a t i o n a l  energ ies  of 

i s  appl ied3 '  

of B r 2  and I2 , and appears  t o  b e  of q u i t e  genera l  p t i l i t y .  

4- 
C 1  (B33T. ) . I n  a companion paper,  i t  2 du 

t o  t h e  ground (x cg)  s t a t e  of C 1  and t o  t h e  B3R' states 1 4 -  
2 ou 

5 1  
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Appendix A: Birge-Sponer P l o t s  f o r  D i f f e r e n t  P o t e n t i a l s  wi th  

I d e n t i c a l  Long-Range T a i l s  

The b a s i s  of t h e  present  method is  t h e  conclusion ( E q .  4 )  t h a t  

near  t h e  d i s s o c i a t i o n  l i m i t  D t h e  d e n s i t y  of v i b r a t i o n a l  levels 

dv 
d g v )  

branch of t h e  p o t e n t i a l .  Thus, B-S p l o t s  ( s ca l ed ,  when necessary  by 

i s  determined almost s o l e l y  by t h e  n a t u r e  of t h e  o u t e r  ( a t t r a c t i v e )  

; see E q .  ( 4 ) )  of t h e  level spac ings  f o r  d i f f e r e n t  p o t e n t i a l s  wi th  

i d e n t i c a l  long-range t a i l s  (but  wi th  a r b i t r a r i l y  d i f f e r e n t  short-range 

behavior)  w i l l  b e  i d e n t i c a l  near  t h e  d i s s o c i a t i o n  l i m i t ,  provided 

t h e i r  a b s c i s s a  (v) scales are s h i f t e d  appropr i a t e ly  re la t ive t o  one 

another .  This may be  t e s t e d  e i t h e r  by us ing  exact (quanta l )  e igen-  

va lues  f o r  s u i t a b l y  chosen p o t e n t i a l s ,  o r ,  w i th  l i t t l e  loss  i n  accuracy,  

by t h e  u s e  of WKB-approximated eigenvalues .  

been employed here .  Reduced WKB i n t e g r a l  t a b l e s  are a v a i l a b l e  f o r  

L.J.(12,6) and exp(ot-,6) (a = 12.0, 13.772 and 15.0) p o t e n t i a l s . 6 s 5 2  

The L. J. (12,6) p o t e n t i a l  considered i n  t h e s e  comparisons’is t h a t  u t i l i z e d  

i n  See. I I I A ;  throughout t h e  p re sen t  Appendix, a l l  ene rg ie s  and l eng ths  

are sca l ed  re la t ive t o  i t s  w e l l  depth and equi l ibr ium d i s t a n c e ,  and t h e  

reduced m a s s  p i s  assumed t o  be  t h e  same. 

The la t te r  procedure has 

t h e  

For 

For a n  exp(a,6) 

model L .J . (12 ,6) ,  

p o t e n t i a l  w i th  t h e  same long-range R-6 t a i l  as 

E) 

Eq. ( A l )  d e f i n e s  rhe  corresponding Re ; t h e  De any choice  of 

va lue6  is then  obta ined  by mul t ip ly ing  t h e  B,(=l0000.) 
B Z  

app ropr i a t e  
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f o r  t h e  model L.J.(12,6) p o t e n t i a l ’  by 

chosen exp(a,6)  p o t e n t i a l s  are given in Table A l .  

D R ’. e e  The parameters of t h e  

Table  A I .  Parameters of Exp(a,6) P o t e n t i a l s  Having Same 

Long-Range T a i l  as t h e  Model L.J . (12,6) .  8 

B 

2.0 

0 a 918386 0 e 953701 

13643.20 16868 a 65 

For L.J.(12,6) and exp(a,6)  p o t e n t i a l s  w i th  a = 12.0, 13.7’72, 

and 15.0,  t h e  WKB i n t e g r a l  t ab les6’”(based  on a reduced form of Eq. 

(1 ) )  are presented  as va lues  of  @ = (v&)/ - VS, K E -(D-E(v))/De 

Ignoring t h e  Langer cor rec t ,m16 f o r  r o t a t i o n l e s s  l e v e l s  (&. us ing  

va lues  €o r  8 = 0,  r a t h e r  than  f o r  j = 0)953 one may ob ta in  dK/d@ 

by d i r e c t  numerical  i n t e r p o l a t i o n t 4  AG(v) va lues  thus  obtained via  

Eq. (A2), y i e l d  curves  B C, D ,  and E i n  Fig a 8. The po in t s  on curve 

D are t h e  exact quantal’  v i b r a t i o n a l  spac ings  f o r  t h i s  case ,  

Case A r e f e r s  t o  a pure ly  a t t r a c t i v e  p o t e n t i a l  V(R)=D-2/R ; curve A i s  

generated by s u b s t i t u t i n g  Eq. (6) i n t o  Eq. ( 4 ) ,  with  n = 6 and 

@ 

5 
aGv+! 6 

6 
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C6 = 2.55 

coincide.  

The a b s c i s s a  scales have been s h i f t e d  t o  make a l l  

The i n s e r t  on Pig.  8 shows t h e  f i v e  p o t e n t i a l s  of t h e  same C 6 "  

vD's 

The convergence of t h e  d i f f e r e n t  curves  i n  Fig.  8 as t h e  d i s soc ia -  

t i o n  l i m i t  i s  approached i s  considered good evidence of t h e  p r a c t i c a l  

v a l i d i t y  of t h e  p re sen t  method. Inc reases  i n  reduced mass 1-1 and/or  

t h e  depth o r  breadth  of t h e  p o t e n t i a l s  ( in t roducing  more v i b r a t i o n a l  

levels) would merely s t r e t c h  t h e  o r d i n a t e  and a b s c i s s a  scales, and 

s h i f t  t h e  lower curves up towards curve A (which woyld remain un- 

changed) o 
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- Appendix B: Asymptotic Inverse-Power n f o r  Atomic I n t e r a c t i o n s  

This s e c t i o n  summarizes r u l e s  f o r  determining t h e  l i m i t i n g  asympto- 

- t i c  power n i n  t h e  i n t e r n u c l e a r  i n t e r a c t i o n .  It is based on t h e  

r e fe rences  i n  foo tno te s  20, 41, 5 6 ,  and 57 ,  and is  l i m i t e d  t o  f i r s t -  

and second-order p e r t u r b a t i o n  theory  r e s u l t s .  Magnetic ( o r  re la t ivis-  

t i c )  e f f e c t s  are ignored;  t h i s  i s  reasonable  f o r  R ;  2Q a.u.  (and 

levels w i t h  ou te r  t u rn ing  po in t s  a t  l a r g e r  d i s t ances  would no t  be  

r e a d i l y  observed) .  

The 6 of t h e  lowest  order  term i n  t h e  inverse-power series ex- 

pansion (Eq, 13) f o r  t h e  long-range i n t e r n u c l e a r  p o t e n t i a l  i s  de te r -  

mined by t h e  n a t u r e  of t h e  two atoms t o  which t h e  molecular s ta te  

a d i a b a t i c a l l y  d i s s o c i a t e s .  I f  t h e  two atoms are charged, of course  

n" = 1; i f  one is  charged and t h e  o t h e r  is  i n  an e l e c t r o n i c  s ta te  wi th  

a permanent d i p o l e  moment, 59 6 = 2;  i f  both atoms are uncharged and 

i n  e l e c t r o n i c  states w i t h  permanent d i p o l e  moments, 59 6 = 3 .  Another 

case i n  which = 3 occurs  is i n  t h e  i n t e r a c t i o n  between two i d e n t i -  

cal  Uncharged atoms i n  e l e c t r o n i c  states whose t o t a l  angular  momenta 

d i f f e r  by one &, AL = E); t h i s  i n t e r a c t i o n  is  a f i r s t - o r d e r  d ipo le  

resonance, and u n l i k e  t h e  e f f e c t s  mentioned above, has  no classical 56 

e l e c t r o s t a t i c  analog. 

atom, 6 = 4 and C = ~ , where Ze is t h e  charge on t h e  i o n ,  

and 

t h e  i n t e r a c t i o n  of an  atom wi th  a permanent e lec t r ic  d i p o l e  moment, 

For i n t e r a c t i o n s  between a charged and a n e u t r a l  

4 2 

a t h e  p o l a r i z a b i l i t y  of t h e  n e u t r a l .  The case 6=4 can a l s o  arise i n  

5 9  

and a non S - s t a t e  atom wi th  a permanent quadrupole moment. 

I n  g e n e r a l ,  p a i r s  of (uncharged) non S-s ta te  atoms have a f i r s t -  

* 
order  quadrupole-quadrupole i n t e r a c t i o n  which corresponds t o  n = 5 ,  
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41 and t h e o r e t i c a l  C va lues  are a v a i l a b l e  f o r  a wide range of systems. 

Occasional ly  t h e  

reasons of symmetry (ogb ,  f o r  t h e  ground (X C ) s ta te  of t h e  halogens ''1 

and i n  t h i s  case = 6. For states which do n o t  f a l l  i n t o  any of t h e  

above c l a s s i f i c a t i o n s ,  n = 6 ( s i n c e  a l l  i n t e r a c t i n g  spec ie s  are 

s u b j e c t  t o  t h e  London induced dipole-induced d i p o l e  f o r c e s ) .  

5 

C5 c o e f f i c i e n t  f o r  a p a r t i c u l a r  s ta te  is zero f o r  

1 9  
g 

- 
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t h e r e  are an  i n f i n i t e  number of l e v e l s  w i t h i n  any f i n i t e  neighborhood 
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16. 

17 a 

18 

19. 

20 e 

of D e For n = 2 t h e  levels extend down t o  i n f i n i t e  binding 

energy, and t h e r e  are an i n f i n i t e  number of levels i n  any f i n i t e  

neighborhood of D - 
R ,  E ,  Langer, Phys. Rev. 51, - 669 @937) The Langer c o r r e c t i o n  

(ke9 r ep lac ing  j Q-t-1) by L, would r e q u i r e  r ep lac ing  

For n = 2 t h i s  j u s t  c* 
Rn 

E q .  (3a) by: V(R) = D - - 
means t h a t  C2 i n  Eq. (7) becomes ) L) b u t  f o r  n + 2 

t h e  i n t e g r a l  a r i s i n g  from Eq. 

However, f o r  real is t ic  systttms t h e  Langer co r rec t ion  is  forzuriately 

very small. 

Within t h e  contex t  of t h e  present  approach, p o t e n t i a l s  w i th  e~p~n t - .n - s  

t i a l  long.-range t a i l s  (such as t h e  Morse p o t e n t i a 3  correspond 

q u a l i t a t i v e l y  t o  inverse-power p o t e n t i a l s  wi t l :  very l a r g e  12 

The purely a t t r a c t i v e  exponent ia l  p o t e n t i a l  has both  a d i s c r e t e  

lowest  level and a f i n i t e  number of bound s ta tes  w i t h i n  any f h i t e  

neighborhood of D 

A l i n e a r  B-S p l o t  f o r  l e v e l s  n e a r  t h e  d i s s o c i a t i o n  limit: si- a 

p o t e n t i a l  w i l l  b e  considered as an  i n d i c a t i o n  t h a t  the p o t e n t i a l  

i n  t h e  g iven  r eg ion  is e f f e c t i v e l y  exponent ia l  i n  form. 

Care should be taken  t o  avoid confusion between t h e  w e l l  depth 

(2) 18 no longer  a n a l y t i c a l l y  ml.&.ie., 
I 

IZe 

and D I t h e  p o s i t i o n  of t h e  d i s s o c i a t i o n  l i m i t .  

See t h e  d i scuss ion  of in te rmolecular  fo rces  i n  

a) Molecular Theory - of Gases and Liquids  by J .  0. R i r s c h f e l d e r ,  

C. F. C u r t i s s  and R. E. B i rd ,  John Wiley and Sons ,  New P o r k  

(1964) 

b) J. 0. H i r s c h f e l d e r  and w. J. Meath, Advances i n  Chemical Physics ,  

XI1 , ( In te rmolecular  Forces) 1 0-967) , I n t e r s c i e n c e ,  N e w  Pork. 
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2 1. 

22, 

23 

24. 

25. 

26. 

27. 

28. 

Note t h a t  i n  t h e  c a s e  where some of t h e  dominant terms i n  Eq. (13) 

a r e  r e p u l s i v e  (&. , their  C << 01, some of  these  weight ing f a c t o r s  

w i l l  have d i f f e r i n g  s igns ,  and the  r e s u l t i n g  value of n may then 

l i e  ou t s ide  t h e  range of the  m ' s  of t h e  c o n t r i b u t i n g  terms. If  

t h e  lowest inverse-power term i s  r epu l s ive  while  the  h ighe r  power 

terms a r e  a t t r a c t i v e ,  t h i s  g ives  r i s e  t a  a p o t e n t i a l  maximum a t  

m 

l a r g e  R Th i s  appears t o  be the  case f o r  the  'II' s t a t e  cf 
og 

: K, J, LeRoy, J. Chem, PIiyS, 52, 0000 (1970) .  I2 
I n  t h i s  con tex t  a p o t e n t i a l  i s  "well behaved" i f  i t  has EO po'&en- 

t i a l  maximum and no non-adiabat ic  per turba t ion .  

O f  course  both e r r o r s  approach zero f o r  l e v e l s  approaching D e 

a) See, go, t h e  d i scuss ion  by J. KO Cashion, S. Clnem. Phys, 4-23> 

94 (1968)  ; s i 2  a l so  Appenciix A, 

b) A, S ,  Dickinson, priivate communication (1968). 

See Appendix B for  a summary o f  the  t h e o r e t i c a l  L? va lues  f o r  

a wide v a r i e t y  of  cases.  

Won - 1 ine  a r l e  a s t - s guar e s r e  g re  s s i D n. c omp CI t e r p r o g r  arm f 0 r f it i- i. P g, 

a r b i t r a r y  a n a l y t i c  func t ions  a r e  a v a i l a b l e  a t  w s t  computing cen te r s ,  

The present  c a l c u l a t i o n s  used the  Un ive r s i ty  of  Wisconsin COmrliV i n ?  

Center  subrout ine  GASAUS f o r  such f i t s .  

Primes denote  d i f E e r e n t i a t i o n  w i t h  r e spec t  t n  v ; 

E '  (Y> f dE(v)/dv. 

A 

Parameter va lues  obtained from Eqs. (15) and (1-6) should, i n  pr41arap:c ,  

be j u s t  a s  r e l i a b l e  a s  those obtained from Eq. ( 4 ) .  However, t h e  

former approach r equ i r e s  a p r i o r  smoothing of  the  d a t a  t o  o b t a i n  

accu ra t e  va lues  of t he  d e r i v a t i v e s  2 4  E '  (v) and E " ( V ) ~  and i n  p r a c t i s e  
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t h i s  in t roduces  some e r ro r .  Experience has  shown t h a t  whi le  t r i a l  

parameter va lues  from Eqs. (15) and (16) a r e  s a t i s f a c t o r y ,  they  a r e  

measurably improved by four  parameter f i t t i n g s  t o  Eq. (6)026 

29. I n  a l l  of the  r e s u l t s  presented,  an i n i t i a l  f i t  of ishe d a t a  t o  Eqs. 

(15) and (16) y ie lded  t r i a l  parameter va lues  which were used t o  

i n i t i a t e  t h e  genera l  non- l inear  f i t  t o  Eq. ( 6 ) ,  2 6 3 8 0  

30. R, J. LeRoy and R. Be Berns te in ,  Un ive r s i ty  of ‘Wisconsin Theore t i ca l  

Chemistry I n s t i t u t e  r e p o r t  GJTS-TCI-369 (1969) , t o  be published, 

The r e p o r t  con ta ins  i n  an appendix F o r t r a n  l i s t i n g s  of  t he  programs 

31. Th i s  i s  mainly because of t h e  problem of averaging the  e s t ima tes  

of  D and Kn obtained a t  d i f f e r e n t  va lues  of v t o  y i e l d  a 

mutual ly  c o n s i s t e n t  s e t  of parameters. Itz i s  i n t e r e s t i p g  t h a t  

n =  - 2  
E ‘ (V)E”\(Y) 

bu t  because of t h e  above problem t h i s  express ion  i s  l e s s  r e l i a ’b l e  

than  i s  Eq. (15). 

32. Since t h e  d e r i v a t i v e s  a r e  obtained from the  h ighes t  11 ene rg ie s  

only,  they  cannot be accura te  a t  t h e  end poin ts ,  s o  only the  9 po in t s  

shown on Fig. 2 a r e  r e l i a b l e .  

33. S ince  the  input  d a t a  ( l e v e l  ene rg ie s )  a r e  never completely error-  

f r ee ,  a given f i t  should always u t i l i a e  a t  l e a s t  oqe l e v e l  more than 

t h e  number of f r e e  parameters being f i t t e d .  I f  t h e r e  i s  s i g n i f i c a n t  

experimental  u n c e r t a i n t y  i n  t h e  energ ies  (=*,more than a few p r c e n t  

of  t he  l e v e l  spacings)  a redundancy of mQre than one l e v e l  may be 

requi red  t o  y i e l d  meaningful va lues  of t he  parameters. 
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+ 36 

2' 34. I n  t h e  a p p l i c a t i o n  of  t h i s  method t o  the  B3nOu s t a t e  of I 

t h e  experimental  unce r t a in ty  in t roduces  cans ide rab le  imprecis ion 

i n t o  the  four-parameter f i t s ,  so t h a t  n could not  be d i r e c t l y  

determined wi th in  requi red  accuracy of b e t t e r  than 21. However, 

comparison of t h e  'D curves y ie lded  by three-pgrameter f i t s  with 
Y 

n f ixed  d i f f e r e n t  t r i a l  values ,  s t r o n g l y  suggesred t h a t  n = 5. 

35, De E. Stogryn and 9. 0. Hirschfe lder ,  J, Chem, Phya. 2, 1531 (1959). 

These au thors  der ived  an a n a l y t i c  express ion  ( t h e i r  Eel. (89)) for 

t h e  exac t  f i r s t - o r d e r  W K B  va lue  of v (which omits the  e f f e c t  OS the 

t h e  Eanger correct ion")) ,  

s t a n t  i n  t h e i r  Eq. (92) i s  1.6826. 

D 

A more exac t  va lue  of t h e  numerical  cor.- 

36. A. E. Douglas, Chr. Kno Mqfller and €3. P. S to iqhe f f ,  Can. J. Physl 

-3 41  1174 (1963). 

37. The experimental  d a t a  f o r  t h i s  system a r e  f o r  t he  mast common 

i so tope  J 5 * 3 0 ~ ~  2, - a l l  energ ies  a r e  expressed r e l a t i v e  t o  the  

v" = 0 ,  J" = 0 l e v e l  of i t s  ground e l e c t r o n i c  s f a t e .  

38. T. Y. Chang, Mol. Phys. 2, 487 (1967); see a l s o  the  d i s c p s s i a n  i n  

Appendix Be 

39, M. A. Byrne, W. G. Richards and J. A. Horsley, Mol. Phys, l2$ 

273 (1967). 

40. I n  choosing these  values  i t  i s  assumed t h a t  the  "hook" at: the  end 

of t he  n = 5 curves i n  Fig,  5 i s  s i g n i f i c a n t ,  i l l u q t y a g i n g  t h e  

decrease  of t h e  e r r o r  term f o r  l e v e l s  f a r t h e r  i n t o  the  asymptotic 

(n  = n )  region. The ind ica t ed  u n c e r t a i n i t e s  ( iqc luding  t h e  e r r o r  

b a r s  i n  Fig. 5) correspond t o  one s tandard e r ron  i a  the  f i t t e d  

parameters and a r e  smal le r  than  the  probable  e r r o r  l i m i t s .  
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41. It has been shown by J. M. Knipp (Phys. Rev. 53, 734 (1938)) t h a t  

C5 

and , t h e  product of t he  expec ta t ion  va lues  f o r  t he  

square of  t h e  e l e c t r o n  r a d i i  i n  t h e  u n f i l l e d  valence s h e l l s  on 

c o e f f i c i e n t s  may be expressed a s  a product  of an angular  f a c t o r  

i n t e r a c t i n g  atoms A and B, Knipp presented  va lues  of t h e  angular  

f a c t o r s  and approximate expec ta t ion  va lues  f o r  a few systems, and 

T. Y e  Chang (Rev. Mod, Phys, 39 ,  911  (1967)) extended t h e s e  

r e s u l t s  considerably,  Recent ly  C. F. F i sche r  (Can. 3,  Phys, g4 

2336 (1968)) has  repor ted  Hartree-Fock va lues  of {r2) f o r  a31 

s h e l l s  of atoms from H e  t o  Rn 

42. The e r r a t i c  na tu re  of t h e  curve i n  Fig,  6 i s  due t o  the  inf luence  

. of  smal l  e r r o r s  i n  the  experimental  ene rg ie s  on the  f i t t e d  va lues  

D of t h e  parameters;  t h e  corresponding va lues  of 

shqw s i m i l a r  behavior. Inc lud ing  more l e v e l s  i n  each f i t  dampens 

t h e s e  osc i l l a  t ions 

n , Cn , and v 

43. Holding D f ixed  dampens t h e  "noise" due t o  experimental  uncer- 

t a i n t y ,  42 y i e l d i n g  a more r e l i a b l e  gegmented po ten t i a l .  

44. J. A .  C. Todd, W. G. Richards,  and Me A, Byrne, Trans. Faraday 

Soc. -, 63 2081 (1967). 

45. For  a somewhat r e l a t e d  d i scuss ion  of t h e  quasibound s t a t e s ,  s e e  

A,, S. Dickinson and R. Bo Bernstein,  Mol, Phys. ( t o  be published).  

46, While the  p re sen t  method i s  expected t o  g ive  values  of C n 

which a r e  s l i g h t l y  small  (see Sec, IIB), t h e r e  i s  reason t o  suspec t  

t h a t  t h e  t h e o r e t i c a l  C5 va lue  used f o r  comparision may be some- 

what too  large.  M. T. Marron ( p r i v a t e  communication, 1969) p o i n t s  

ou t  t h a t  F i s c h e r ' s  va lues  of  {r2 a r e  based Qn Hartree-Fock 

4 1  

4 1  
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47. 

48,  

49. 

50. 

5 1, 

52 e 

53.  

54. 

wave func t ions  which do not  have c o r r e c t  asymptotic t a i l s ,  and t h a t  

c o r r e c t i n g  f o r  t h i s  may decrease  {r2} , and hence t h e  t h e o r e t i c a l  

C5' 

For  a few systems, such a s  i s o t o p i c  hydrogen and mast hydrides ,  t h e  

inverse-power long-range fo rces  a r e  r e l a t i v e l y  weak, so t h a t  the  

B-S p l o t  shows negat ive  o r  zero cu rva tu re  even f a r  t he  very  h ighes t  

l eve  Is. 

R. B. Bernstein,  Phys. Rev. Le t t .  16, 385 (1966). 

J. A. Horsley and W e  G. Richards.  3.  Chim. Phya. 66, 4 1  (1969). 

See, f o r  example, H. Pauly and J. P, Toennies, Chapt, 3.1 (p 227) 

o f  Lo Marton, Ed., Vole 7 of Atomic 

and E l e c t r o n  Physics:  Atomic I n t e r a c t i o n s ,  P a r t  A, Academic Press, 

New York (1968), 

Although a l l  of t h e  cases  thus  f a r  considered correspond t o  

6 = 5 o r  6, t h e  p re sen t  method should be even mqre success fu l  f o r  

systems wi th  sma l l e r  n (s. 6 = 4, f o r  molecules which d i s -  

s o c i a t e  t o  ion  + n e u t r a l )  because of t h e  r e l a t i v e l y  h ighe r  d e n s i t y  

of levels near  D . 
The p resen t  work u t i l i z e d  t h e  co r rec t ed  t a b l e s  r epor t ed  i n  Ref. 6b. 

P.., 

< 

These are a v a i l a b l e  as Document No. 9499 i n  t h e  AD1 Auxi l ia ry  

P u b l i c a t i o n s  P r o j e c t  , Photodupl ica t ion  Se rv ice ,  L ibrary  of Congress 

Washington, D. C. 20540. 

Comparison of t h e  4 values  6 ' 5 2  f o r  6 = 0 and, say,  0 = 

shows t h a t  t h i s  in t roduces  n e g l i g i b l e  e r r o r .  

Th i s  w a s  done by piecewise f i t t i n g  of t h i r d - o r d e r  polynomials i n  

6, . Despi te  t h e  r a t h e r  l a r g e  gaps between t h e  t a b u l a t e d  po in t s  
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f o r  l a r g e  4 , t h i s  is expected t o  b e  f a i r l y  accu ra t e  s i n c e  t h e  

e igenvalue  d i s t r i b u t i o n  f o r  t h e  h ighes t  levels of an 

p o t e n t i a l  is expected t o  be  cubic  i n  

- 
R 6 - t a i l ed  

1 2  v (*.sin 4 ) .  

55. Although t h e  exact v is  i n f i n i t e  f o r  t h e  pure  R-6 a t t r a c t i v e  D 
p o t e n t i a l ,  t h e r e  are a f i n i t e  number of levels w i t h i n  any f i n i t e  

i n t e r v a l  about D .I5 

i n  Fig.  8 are s i g n i f i c m t  i n  t h e  s e m i c l a s s i c a l  (WKB) approximation, 

Hence t h e  q u a n t i t i e s  (v - v> apd curve A D 

56. G. W. King and J. H. Van Vleck, Phys. Rev. _I 55, 1165 (1939). 

57. H. Margenau, Rev, Mod., Phys. - 11, 1 (1939). 

58. This  conclusion is  p a r t l y  based on Chang’s conclusion4’  t h a t  f o r  

2’ . the  0 states of 

t h e  i n t e r a c t i o n  u n t i l  R > 60a.u. 

O 2  and Cu t h e s e  e f f e c t s  do n o t  dominate 4- 

g 

59. This  case i s ,  however, r e l a t i v e l y  uncommon; Hi r sch fe lde r  and 

Meath20a po in t  ou t  t h a t  only a n  e x c i t e d  

permanent d i p o l e  moment. 

H atom can have a 
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Legends f o r  F igures  

F ig .  1. Exact in tegrand  ( s o l i d  curves)  of Eq. (2) f o r  t h r e e  l e v e l s  of a 

"standard" 24-level L. J .  (12,6) p o t e n t i a l .  The dashed segment 

of curve  near  Rl i s  t h e  approximate in tegrand  

[E{v) - (1 - 2/R6)]-' f o r  v = 20. The dashed vert5kal l i n e s  

are t h e  tu rn ing  points ,where t h e  exact  integrand is s i n g u l a r .  

Fig.  2 .  E'(v)/E"(v) I vs. v f o r  t h e  h ighes t  l e v e l s  of t he  24-level 

L . J .  (12,6) p o t e n t i a l .  3 2  

responding t o  i n t e g e r  n = 5, 6 ,  and 7 (see Eq. (1511, 

The broken l ines have s lopes  cor- 

Fig.  3. Resul t s  of f i t t i n g  Eq. (6)  t o  t h e  v i b r a t i o n a l  levels of t h e  

24-level L . J .  (12,6) 

f i t s  of levels v up t o  v = 23. The broken h o r i z o n t a l  l i n e s  

denote  t h e  exac t  q u a n t i t i e s  = 6,  D = 1.0 ,  and C = 2.0.  

The "best" n = 6 estimate of  v is  23.353, i n  good agree- 

ment w i t h  t h e  va lue  23.358 generated from t h e  a n a l y t i c  expres- 

s ion  of Stogryn and Hi r sch fe lde r .  3 5  

l i n e s  correspond t o  four-parameter f i t s  wi th  n be ing  v a r i e d  

f r e e l y ,  w h i l e  t h e  o t h e r s  correspond t o  three-parameter f i t s  w i th  

n he ld  f i x e d  a t  t h e  i n d i c a t e d  va lues .  

The po in t s  correspond t o  

z H 

6 

D 

Poin t s  jo ined  by s o l i d  

Fig.  4.  Piecewise p o t e n t i a l s  cons t ruc ted  from three-parameter  f i t s  (D 

cons t ra ined  a t  1 .0)  of t h e  L . J .  (12,6) v i b r a t i o n a l  ene rg ie s '  

Eq. (6 ) .  

t o  

@ exact t u r n i n g  po in t s  f o r  t h e  s p e c i f i e d  levels;  2 6 ~ 2 9  

-6 - segments obtained from f i t s  ; - - - exact asymptot ic  R 

p o t e n t i a l  t a i l .  
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Fig.  5. Resul t s  of f i t t i n g  Eq. ( 6 ) 2 6 y 2 g  t o  t h e  experimental  v i b r a t i o n a l  

energ ies  of The po in t s  correspond t o  f i t s  of 

l e v e l s  v up t o  v = 31. The broken ver t ica l  l i n e  is t h e  

b e s t  estimate obtained f o r  D . Poin t s  j o ined  by s o l i d  curves  

correspond t o  four-parameter f i t s  w i th  n va r i ed  f r e e l y ,  wh i l e  

C 1 2  (B 'RxOu) e 96'3y 

L H 

t h e  o t h e r s  correspond t o  three-parameter f i t s  with n he ld  

f ixed  a t  t h e  ind ica t ed  va lues .  

F ig .  6 .  D estimates obtained by f i t t i n g  Eq.  (6) t o  t h e  energ ies  of  

2 6 9 2 9  where v - v = 7 and v is variedq H' H L  H 
Levels v t o  v 

The v e r t i c a l  and h o r i z o n t a l  broken l i n e s  denote  the b e s t  

p resent  estimate of D e 

L 

Fig.  7 e Piecewise p o t e n t i a l s  cons t ruc ted  from three-parameter f i t s  

-1 (with t h e  c o n s t r a i n t  D = 20879.75 em ) of t h e  experimental  

v i b r a t i o n a l  ene rg ie s36  of :C12(B3ri ) t o  Eq. ( 6 ) . 2 6 ' 2 9  

0 RKR t u rn ing  po in t s  f o r  t h e  s p e c i f i e d  levels;  4 4  

-I- 
ou 

_p__1_ segments obtained from f i t s .  

Fig.  8. Birge-Sponer p lo t s  f o r  va r ious  (L.J . (12,6) ,  Exp(a,6) and pure 

-6 R ) p o t e n t i a l s  w i th  t h e  same long-range t a i l ;  t h e  i n s e r t  

shows t h e  corresponding p o t e n t i a l  curves .  A: pure  R , 
6 V(R) = D-C6/R ; B, C ,  and E: 

D: "model" L . J .  (12,6) .  

a t e d  from Eq. (A2) bsing WKB i n t e g r a l  t h e  po in t s  

are exact quan ta l  level spac ings  f o r  t h e  L. J ,  (12,6) case, and 

they confirm t h e  accuracy of t h e  WKB approximation. Curve A w a s  

obtained on s u b s t i t u t i n g  Eq. (6) i n t o  Eq. (4).55 

-6 

Exp(a,6),  see Table 11; 

A l l  B-S curves  except A w e r e  gener- 
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